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a b s t r a c t
Let F be an oriented forest with n vertices andm arcs and D be a digraph without loops and
multiple arcs. In this note we prove that D contains a subdigraph isomorphic to F if D has
at least n vertices and min{d+(u)+ d+(v), d−(u)+ d−(v), d+(u)+ d−(v)} ≥ 2m− 1 for
every pair of vertices u, v ∈ V (D)with uv 6∈ A(D). This is a common generalization of two
results of Babu and Diwan, one on the existence of forests in graphs under a degree sum
condition and the other on the existence of oriented forests in digraphs under a minimum
degree condition.
© 2009 Elsevier B.V. All rights reserved.
We consider only finite graphs and digraphs without loops and multiple edges and arcs. For terminology and notation
not defined here the reader is referred to Bondy and Murty [3].
Let G be a graph and v a vertex of G. The degree of v, denoted by d(v), is the number of vertices of G that are adjacent
to v. By δ(G) and |G|, we denote the minimum degree and the order of G, respectively. A well-known result of Chvátal [5]
states that any graph Gwith δ(G) ≥ m contains every tree withm edges. This result was extended by Brandt [4] for forests
as follows.
Theorem 1 (Brandt [4]). Let F be a forest with m edges and G be a graph with |G| ≥ |F | and δ(G) ≥ m. Then G contains a
subgraph isomorphic to F .
Babu and Diwan [1] generalized Theorem 1 to an Ore-type degree sum condition.
Theorem 2 (Babu and Diwan [1]). Let F be a forest with m edges and G be a graph with |G| ≥ |F |. If d(u)+ d(v) ≥ 2m− 1 for
every pair of nonadjacent vertices u, v in G, then G contains a subgraph isomorphic to F .
Babu andDiwan [2] also considered the directed version of Theorem1. LetD be a digraph. For a subdigraphH and a vertex
v of D, the outdegree of v in H , denoted by d+(v,H), is defined as the number of vertices of H to which there is an arc from
v; and the indegree of v in H , denoted by d−(v,H), is defined as the number of vertices of H from which there is an arc to v.
If there is no fear of confusion, we simply write d+(v) instead of d+(v,D) and d−(v) instead of d−(v,D). The minimum and
maximum outdegrees and indegrees of D are denoted by δ+(D),∆+(D), δ−(D) and ∆−(D), respectively. As for undirected
graphs, we use |D| to denote the order of D. An oriented forest (tree or star) is a digraph such that the undirected graph
obtained from it by replacing its arcs with edges is a forest (tree or star). The following result due to Babu and Diwan [2] is
a directed generalization of Theorem 1.
Theorem 3 (Babu and Diwan [2]). Let F be an oriented forest with m arcs and D be a digraph with |D| ≥ |F | and
min{δ+(D), δ−(D)} ≥ m. Then D contains a subdigraph isomorphic to F .
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A natural question is whether Theorem 2 also admits a directed generalization. To answer this question, the first thing
one has to consider is how to define the nonadjacency of two vertices in digraphs here. LetG be an undirected graph andD[G]
be the symmetric digraph corresponding toG. Then the outdegree and indegree of any vertex inD[G] are just the same as the
degree of this vertex inG, and, for any two nonadjacent vertices u, v inG, we have uv 6∈ A(D[G]) and vu 6∈ A(D[G]). Therefore,
one may think that in order to guarantee the existence of an oriented forest F with m arcs in a digraph D, the conditions
|D| ≥ |F |, and min{d+(u)+ d+(v), d−(u)+ d−(v), d+(u)+ d−(v), d−(u)+ d+(v)} ≥ 2m− 1 for every pair of vertices u, v
with uv 6∈ A(D) and vu 6∈ A(D) are sufficient. Whereas, this is not the case. To see this, consider a Hamiltonian tournament−→
K n of order n and an oriented star S with∆+(S) = n−1 or∆−(S) = n−1. It is easy to see that−→K n contains no subdigraphs
isomorphic to S, but the conditions |−→K n| ≥ |S|, and min{d+(u)+ d+(v), d−(u)+ d−(v), d+(u)+ d−(v), d−(u)+ d+(v)} ≥
2(n − 1) − 1 for every pair of vertices u, v with uv 6∈ A(D) and vu 6∈ A(D) are satisfied. So, two vertices u, v in a
digraph nonadjacent here should refer to that either uv or vu does not exist. Based on this observation, we give a directed
generalization of Theorem 2.
Theorem 4. Let F be an oriented forest with m arcs and D be a digraph with |D| ≥ |F |. If min{d+(u) + d+(v), d−(u) +
d−(v), d+(u) + d−(v)} ≥ 2m − 1 for every pair of vertices u, v ∈ V (D) such that uv 6∈ A(D), then D contains a subdigraph
isomorphic to F .
It is clear that Theorem 4 also generalizes Theorem 3.
Before proving Theorem 4 we introduce some further terminology and notation in the following.
If D is a digraph and S is either a vertex or an arc in D, a subset of vertices or arcs, or a subdigraph of D, then D − S is
the subdigraph of D obtained by deleting all vertices and arcs in S. If S is a subset of vertices of D, then D[S] denotes the
subdigraph of D induced by S.
Let T be an oriented tree andQ be an ordering of V (T ). If for all arcs uv ∈ A(T ), u is a predecessor of v inQ , thenQ is called
a topological order of T . Note that an oriented tree can have several topological orders. Suppose that T is an oriented subtree
of a digraph D and Q is a topological order of T . If the number of arcs in D[V (T )], which are directed from any vertex to its
successors in Q , is themaximum amongst all possible topological orderings of T , then we call Q amax-topological order of T .
By α(T )we denote the number of arcs in D[V (T )], which are directed from any vertex to its successors in a max-topological
order. If there is an arc from every vertex in Q to all its successors in Q in the digraph D[V (T )], then we call Q a complete
topological order of T . If T has a complete topological order, then we call T a complete tree.
We first give a proof of Theorem 4 for oriented trees.
Lemma 1. Let T be an oriented tree with m arcs and D be a digraph with |D| ≥ |T |. If min{d+(u)+ d+(v), d−(u)+ d−(v)} ≥
2m− 1 for every pair of vertices u, v ∈ V (D) with uv 6∈ A(D), then D contains a subdigraph isomorphic to T .
Proof. We prove this lemma by induction on the number of arcs of T . The case m = 0 is trivial. Suppose that m > 0 and
the result holds for all oriented trees with fewer than m arcs. Let y be a leaf of T and x be the neighbor of y in T . Suppose
xy ∈ A(T ). Let T1 = T − y and choose a vertex w in D with minimum outdegree. Set D1 = D − w. Since the removal of w
from D can reduce the outdegree and indegree of any vertex other thanw by at most one, we have
min{d+(u,D1)+ d+(v,D1), d−(u,D1)+ d−(v,D1)} ≥ 2(m− 1)− 1
for every pair of vertices u, v ∈ V (D1) with uv 6∈ A(D1). Then, by the induction hypothesis, D1 contains a subdigraph T ′1
isomorphic to T1. Assume that x′ ∈ V (T ′1) corresponds to x ∈ V (T1). If x′ has a neighbor y′ ∈ V (D) \ V (T ′1) such that
x′y′ ∈ A(D), then we can get a subdigraph of D isomorphic to T . If not, we have d+(x′) = d+(x′, T ′1) ≤ m − 1. As w is a
minimum outdegree vertex in D, we have d+(w) ≤ d+(x′) ≤ m− 1. This implies that d+(w)+ d+(x′) ≤ 2m− 2 < 2m− 1,
a contradiction. The case yx ∈ A(T ) can be proved similarly. 
We also need the following two lemmas due to Babu and Diwan [2].
Lemma 2 (Babu and Diwan [2]). Let S be an oriented tree, D a digraph, and T a subdigraph of D isomorphic to S such that α(T )
is maximum. If there is a vertex x0 ∈ V (D− T ) such that d+(x0, T ) = |T | or d−(x0, T ) = |T |, then T is a complete tree.
Lemma 3 (Babu and Diwan [2]). Let T be a non-trivial complete subtree of a digraph D. Suppose that u, v are two vertices
in D − T with d+(u, T ) + d+(v, T ) ≥ 2|T | − 1, d+(u, T ) + d−(v, T ) ≥ 2|T | − 1, d−(u, T ) + d+(v, T ) ≥ 2|T | − 1 or
d−(u, T )+ d−(v, T ) ≥ 2|T | − 1. Then there exists a vertexw ∈ V (T ) such that D[V (T )− w + v] contains a complete subtree
isomorphic to T and uw, uw,wu or wu ∈ A(D), respectively.
Proof of Theorem 4. Suppose that F has k components. We prove the result by induction on k. The case k = 1 just follows
from Lemma 1. Suppose k > 1 and the result is true for all oriented forests with fewer than k components. Clearly, we can
assume that each component of F is non-trivial. Let T1, T2, . . . , Tk be the components of F . Then, by the induction hypothesis,
D contains a subdigraph isomorphic to F − Tk.
Suppose |Tk| = t + 1 and let S0, S1, . . . , St be a sequence of subtrees of Tk such that S0 = Tk and Sj is obtained from Sj−1
by removing a leaf vj for 1 ≤ j ≤ t . Let uj be the neighbor of vj in Sj−1.
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Let f be an isomorphism from T1∪T2∪· · ·∪Tk−1 to a subdigraph f (T1∪T2∪· · ·∪Tk−1) ofD. SetDf0 = D−{f (T1)∪ f (T2)∪
· · · ∪ f (Tk−1)}. Now let us check whether Df0 contains a subdigraph isomorphic to S0. If yes, then we are done. Otherwise,
from Theorem 3, we know that there exists a vertex wf1 in D
f
0 such that d
+(wf1,D
f
0) ≤ t − 1 or d−(wf1,Df0) ≤ t − 1. Let
Df1 = Df0 − {wf1}. If Df1 does not contain a subdigraph isomorphic to S1, then as above we know that there exists a vertexwf2
in Df1 such that d
+(wf2,D
f
1) ≤ t−2 or d−(wf2,Df1) ≤ t−2. Note that |St | = 1 and |Df0| ≥ t+1. Then, by repeating the above
processes we can finally obtain a sequence of verticeswf1, w
f
2, . . . , w
f
p(f ) in D
f
0 with D
f
j = Dfj−1 − {wfj } such that
(1) Dfp(f ) contains a subdigraph isomorphic to Sp(f ); and
(2) d+(wfj ,D
f
j−1) ≤ t − j or d−(wfj ,Dfj−1) ≤ t − j for 1 ≤ j ≤ p(f ).
Clearly we have 1 ≤ p(f ) ≤ t . We assume that for a given f , wf1, wf2, . . . , wfp(f ) are always chosen such that p(f ) is
minimum.
Now, among all the isomorphisms from T1 ∪ T2 ∪ · · · ∪ Tk to subdigraphs of D, choose one isomorphism f0 and
w
f0
1 , w
f0
2 , . . . , w
f0
p(f0)
such that
(1) α(f0(T1))+ α(f0(T2))+ · · · + α(f0(Tk−1)) is as large as possible; and
(2) p(f0) is as small as possible, subject to (1).
Let S ′p(f0) be a subdigraph ofD
f0
p(f0)
isomorphic to Sp(f0) and u
′
p(f0)
∈ V (S ′p(f0)) corresponds to up(f0). We distinguish two cases.
Case 1. up(f0)vp(f0) ∈ A(Sp(f0)−1).
Case 1.1. There exists a vertex x ∈ V (Df0p(f0) − S ′p(f0)) ∪ {w
f0
1 } such that u′p(f0)x ∈ A(D).
Set w¯f0j−1 = wf0j for 2 ≤ j ≤ p(f0) and D¯f0j = D¯f0j−1 − w¯f0j for 1 ≤ j ≤ p(f0) − 1, where D¯f00 = Df00 . It is easy to see that
D¯f0p(f0)−1 contains a subdigraph isomorphic to Sp(f0)−1 and
d+(w¯f0j , D¯
f0
j−1) ≤ t − j
or d−(w¯f0j , D¯
f0
j−1) ≤ t − j for 1 ≤ j ≤ p(f0)− 1. This contradicts the minimum of p(f0).
Case 1.2. x ∈ V (S ′p(f0)) ∪ {w
f0
2 , . . . , w
f0
p(f0)
} for any x ∈ V (Df00 )with u′p(f0)x ∈ A(D).
First, we have
d+(u′p(f0),D
f0
0 ) ≤ (p(f0)− 1)+ (t + 1− p(f0)− 1) = t − 1.
Suppose d+(wf01 ,D
f0
0 ) ≤ t − 1. Then,
d+(u′p(f0),D− Df00 )+ d+(wf01 ,D− Df00 ) = d+(u′p(f0),D)− d+(u′p(f0),Df00 )+ d+(wf01 ,D)− d+(wf01 ,Df00 )
≥ 2m− 1− 2(t − 1)
= 2(|F | − k)− 2t + 1
> 2(|F | − k)− 2t.
This implies that there is a tree f0(Ti) such that d+(u′p(f0), f0(Ti))+ d+(w
f0
1 , f0(Ti)) ≥ 2|Ti| − 1 for some iwith 1 ≤ i ≤ k− 1.
Otherwise,
d+(u′p(f0),D− Df00 )+ d+(wf01 ,D− Df00 ) =
k−1∑
i=1
[d+(u′p(f0), f0(Ti))+ d+(wf01 , f0(Ti))]
≤ 2(|F | − |Tk|)− 2(k− 1)
= 2(|F | − t − 1)− 2k+ 2
= 2(|F | − k)− 2t, (1)
a contradiction.
We claim that f0(Ti) is a subdigraph of the digraph D
f0
0 ∪D[V (f0(Ti))]which is isomorphic to the oriented tree Ti such that
α(f0(Ti)) ismaximum.Otherwise, let T ′i be a subdigraph ofD
f0
0 ∪D[V (f0(Ti))]which is isomorphic to Tiwithα(T ′i ) > α(f0(Ti)).
Then we can get another isomorphism f1 from T1∪ T2∪· · ·∪ Tk to a subdigraph of D by letting f1(Ti) = T ′i and f1(Tj) = f0(Tj)
for 1 ≤ j ≤ k− 1 and j 6= i. This implies that
α(f1(T1))+ α(f1(T2))+ · · · + α(f1(Tk−1)) > α(f0(T1))+ α(f0(T2))+ · · · + α(f0(Tk−1)),
contradicting the choice of f0 in (1).
Since d+(u′p(f0), f0(Ti))+ d+(w
f0
1 , f0(Ti)) ≥ 2|Ti| − 1, we have d+(u′p(f0), f0(Ti)) = |Ti| or d+(w
f0
1 , f0(Ti)) = |Ti|. Therefore,
it follows from Lemma 2 that f0(Ti) is a complete tree. Moreover, by Lemma 3, there exists a vertex x ∈ V (f0(Ti)) such that
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D[V (f0(Ti)−x+wf01 )] contains a complete tree T ′′i isomorphic to Ti and u′p(f0)x ∈ A(D). Thenwe can get another isomorphism
f2 from T1 ∪ T2 ∪ · · · ∪ Tk−1 to a subdigraph of D by letting f2(Ti) = T ′′i and f2(Tj) = f0(Tj) for 1 ≤ j ≤ k− 1 and j 6= i. Clearly
we have
α(f0(T1))+ · · · + α(f0(Ti−1))+ α(f0(Ti))+ α(f0(Ti+1))+ · · · + α(f0(Tk−1))
= α(f2(T1))+ · · · + α(f2(Ti−1))+ α(f2(Ti))+ α(f2(Ti+1))+ · · · + α(f2(Tk−1)).
Set wf2j−1 = wf0j for 2 ≤ j ≤ p(f0) and Df2j = Df2j−1 − wf2j for 1 ≤ j ≤ p(f0) − 1 = p(f2), where Df20 = Df00 − wf01 + x. It is
easy to see that Df2p(f2) contains a subdigraph isomorphic to Sp(f2) and
d+(wf2j ,D
f2
j−1) ≤ t − j
or d−(wf2j ,D
f2
j−1) ≤ t − j for 1 ≤ j ≤ p(f2). This contradicts the choice of f0 since p(f2) < p(f0).
The case d−(wf01 ,D
f0
0 ) ≤ t − 1 can be proved similarly.
Case 2. vp(f0)up(f0) ∈ A(Sp(f0)−1).
The proof of this case is similar to that of Case 1. 
Remark 1. Note that in Theorem4 there is no need of the condition d−(u)+d+(v) ≥ 2m−1 for vertices u, vwith uv 6∈ A(D).
At the same time, from Lemma 1, one can see that the condition d+(u)+ d−(v) ≥ 2m− 1 for vertices u, v with uv 6∈ A(D)
is not needed for the existence of oriented trees. We do not know whether this condition can also be omitted in order to
guarantee the existence of oriented forests with more than one component.
Babu and Diwan [2] mentioned that the bound on either the minimum indegree or outdegree in Theorem 3 can be
weakened when taking into account the orientation of the forest. They proved the following result on the existence of
rooted forests.
Theorem 5 (Babu and Diwan [2]). Let F be an oriented forest with m arcs and∆−(F) ≤ 1 and D be a digraph with |D| ≥ |F |. If
δ+(D) ≥ m, then D contains a subdigraph isomorphic to F .
In fact, the corresponding degree sum condition for the existence of rooted forests is also valid.
Theorem 6. Let F be an oriented forestwithmarcs and∆−(F) ≤ 1 andDbe a digraphwith |D| ≥ |F |. If d+(u)+d+(v) ≥ 2m−1
for every pair of vertices u, v ∈ V (D) with uv 6∈ A(D), then D contains a subdigraph isomorphic to F .
Similarly, we have
Theorem 7. Let F be an oriented forestwithmarcs and∆+(F) ≤ 1 andDbe a digraphwith |D| ≥ |F |. If d−(u)+d−(v) ≥ 2m−1
for every pair of vertices u, v ∈ V (D) with uv 6∈ A(D), then D contains a subdigraph isomorphic to F .
Remark 2. The degree sum bound 2m−1 in Theorems 4, 6 and 7 is the best possible. This can be shown by (m−1)-regular
digraphs. It is clear that such a digraph D contains no subdigraphs isomorphic to oriented stars with m arcs and maximum
indegree or outdegree m − 1, and d+(u) + d+(v) = d−(u) + d−(v) = d+(u) + d−(v) = 2m − 2 for every pair of vertices
u, v ∈ Dwith uv 6∈ A(D).
References
[1] C.S. Babu, A.A. Diwan, Degree conditions for forests in graphs, Discrete Math. 301 (2005) 228–231.
[2] C.S. Babu, A.A. Diwan, Oriented forests in directed graphs, Electron. Notes Discrete Math. 22 (2005) 141–145.
[3] J.A. Bondy, U.S.R. Murty, Graph Theory with Applications, Macmillan London and Elsevier, New York, 1976.
[4] S. Brandt, Subtrees and subforests of graphs, J. Combin. Theory Ser. B 61 (1994) 63–70.
[5] V. Chvátal, Tree-complete graph Ramsey numbers, J. Graph Theory 1 (1977) 93.
